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Tau-function

Hereafter we work with the A— KP hierarchy from K. Takasaki and T.
Takebe, Integrable hierarchies and dispersionless limit, Rev. Math.Phys. 7
(1995) 743-808. Tau-function of the hierarchy is a function 7 = 7(t)
depended on the infinite set of time variables t = {t;, t2,...}. There is also
contains /i as a parameter but we will not write it explicitly. Below we use
the notation

7_[zl,...,z,,,](t) — eh(D(zl)+...+D(zm)) T

)
where

—k
D(z)=Y" ZT Ok O = 90ty (1)
k>1
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Hirota relation

Let & > 0. A function 7 is called 7-function of i— KP hierarchy if it
satisfies A—Hirota functional relation.

(21— z)rv2lrlsl 4 (z)— z5)rlalrlal 4 (7 z)rlall=l =00 (2)
For h = 1 it gives the ordinary Hirota relation.

Theorem

1. A function 7 is T-function of h— KP hierarchy if and only if

[Zl] [21722]
1o log (20— 21) (TT 1) . (3)

=] rlalrlz]
2. A function T is T-function of h— KP hierarchy if and only if

I @-z) rmmlem = det ((Zj—ﬁal)k_lT[zj]) (4)

S 1<j,k<m
1<i<j<m - =

for any m > 2 and any zy, ..., zm.
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Schur polynomials

For description of 7-function we use Schur polynomials. An elementary
Schur polynomial hi(t) depends from natural number k and infinite
number of variable t = (t1, tp,...). It is defined by the generating series

exp(d_ tiz") =D h()Z-.

k>1 k>0

An general Schur polynomial sy(t) depends from a Young diagram

A=[A1,A2,...,\¢] of degree [\| = i+ X+ -+ withal=4(A) >0

rows of positive lengths Ay > Xp > --- > Ay > 0.

The general Schur polynomial is the determinant

— hy. i .
sa(t) iJ:E?EK(A) ni—iti(t)
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Formal tau-function

Let us introduce the differential operator

k
Rk Oky + - - ka/ak /
n=>3 i > klli —ak+hz O(%?). (5)

=1 kysooky>1
ky+..+ky=k

In the KP theory the first variable t; is distinguished. Thus we will consider
T-function as evolution from a function 7(x, 0) of one variable by /- KP

flows
7(x,0) = 7(x,t) = F(X)T(x + t1, to, t3,...).

A formal 7-function of i— KP hierarchy we mean a formal series for a
function 7(x, t) of this type, that satisfy the Hirota equation by t for any x.

Our first goal is to find one-to-one correspondance between the set of all
systems of differentiable functions cx(x), k =0,1,2,... and the set of all
formal 7-functions of h— KP hierarchy.
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Formal solutions 7-function of i— KP hierarchy

Theorem

Let h # 0 and c(x), k =0,1,2,..., be arbitrary infinitely differentiable
functions of x (with co(x) being not identically 0). Put cy(x) = co(x) and

j—1
ax(x) = (co(x)) et Y (=mrC 10k i k()| (6)
- 7= k=0

for Young diagram X # (). Then the series

(1) =Y a(x)s(t/h) (7)

A

is a formal solution to the hi-KP hierarchy (h # 0) where

7(x; 0) = co(x), 3ZT(x;t)

t=0 ~h

and ¢; = Oxcyp — cpdy log f.
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Theorem

Let 7(x,t) = f(x)7(x + t1, t2,...) be a tau-function of the h-KP hierarchy
with respect to the variables t;, with 7(x,0) being an infinitely
differentiable function of x. Then it has a representation by Young diagrams

T(x;t) = > aa(x)sa(t/h), (8)

A

where the coefficients are connected by the relations

Jj—1

() = (o) ™V | _det NS (-RFCHidkeprnoq(a)]  (9)
- k=0

for A £ 0, cg(x) = co(x) and ¢ = Oxcog — coOx log f.

Sergey Natanzon () http://arxiv.org/1509.04472 9 utons 2018 r. 7/ 15



fi— KP hierarchy

For many applications in physics and mathematics one needs to deal with
logarithm of the tau-function rather than with the tau-function itself. Let
us put

F(x;t) = i? log 7(x; t). (10)
Then the Hirota equations on 7(x; t) go to i— KP hierarchy on F(x;t).
That is
Al)Az)F _ 1 A(21)0xF — A(22)04F 7 (11)
71— 23
where AD(z)
A==t (12)

h
For i = 1 this is the ordinary KP hierarchy.
For h = 0 this is the dispersionless KP hierarchy.

Our goal is a formula, expressing any solution of fi— KP hierarchy by

Cauchy-like data fi(x) = ONF(x; t1, to, . . .) .
t=
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The #-KP hierarchy in terms of 9!

Define some combinatorial constants 15,-]-(51, ...,5m) as the number of
sequences of positive integers (i, ..., im) and (j1,...,Jjm) such that
n+...+im=i,1+...+jm=Jjand sg = ix + jx — 1. Put

Pii(st, ..., 5m) =

The h-KP hierarchy is equivalent to the system of equations

OporF =Y Z Pii(s1, -, Sm) Q0L F ... Q0! F

m>1 sy, sm2>1

for the function F = F(x; t), where 0 = 0.
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Combinatorial constants

Let K;(/1,...,I") be the number of partitions of a set of / elements into
ordered groups of /1,..., /" > 0 elements.

S$1...-Sm
h..oiln
m,{i-},{s},{l:} by the following recurrence relations:

S1...Sm S1...5m )
1) P,-'l,-z( 111 ):P;1;2(51,...,Sm) and PE,&( /1. ):0, if

R -
I1/45>1
j=1

Define the constants P,?fm,-k ( ) from integer positive

% X1 ... Xy . % S1...5m pv(ke,..., km)fll-r
2) P i ( Vi ) =P i, ( Lo ) (k1. k]
X Kll(lllﬂ RPN /1’71)P51k1(511 PN 5,1,1) Ce K/m(/,ln, NN /,'Lm)Psmkm(S{n P 5,',7’111),
where v(ki, ..., kp) is the number of positive numbers between k; and

ks k)] = 1:11 max{ ki, 1}.
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The summation is carried over all sets of integer numbers such that
nl

_ (] 1 2 2 m m L i

(X1 Xy) = (S5 o SpysSiseersSnpsrer-sSTseveySpr)y Si= E Si
j=1

ion)=+1 A+ LR+ 2+ 1T+, ),

n; m r—1 m nj )
EDIDYCRVIES WD SUETAD SE R A
j=1 i=1 j=1 i=1 i=1

The h-KP hierarchy is equivalent to the system of equations for r > 2

N T > P ( P ) OMOLF ... ol F

/-
m>1 si+h+...4+sm+Im
=iy 4+ +ir
1<s;1<L<r—-1

(14)

<
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Variables t, corresponding to 9

A Young diagram A = [A1, A2, ..., A¢] is described by
A= (17272 ...n™...), where r; = card{j|\j = i}. Denote by

p(/\) =AMA2... A and U(/\) = H rpl. We put also 0} = 8§18§

h
L0k
n>1

27"

Let us consider the basis

Asl >‘52 Asn
S kg e

- 1
ma(x1s X2s - - -5 Xn) = (n—LQ)te(N) &

in the space of symmetrical polynomials from xi, xo, . ...

These polynomials are linear combinations from symmetrical polynomials
tk = + >; xk. This gives new polynomials mj(t) from t = (t1, 2, ...).
The first few functions my are:

my)(t) = t,
m(z)(t) = 2b, m(lz)(t) = %tf — b,

m(3)(t) = 3t3, m(lz)(t) = 2kt; — 3t3, m(la)(t) = % t{’ — bt + t3.
(15)
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Let us put
a(A)

th .= 0 B my (t/R). (16)
The first few are (see (15)):
ty =t
t(ﬁz) =t, t(ﬁlz) = t? — 2hty, (17)
t@) =t3, t(ﬁzl) = tot; — 3hits, t(h13) =t} — 6htaty + 67%ts.

Any formal series F(t) = F(t1, t2,...) has a representation in form of
formal series

t_>\7 (18)
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Construction of formal solutions

Consider now any family of infinitely differentiable functions
ftZ](X): fkh(x) (k: 1727)

For other Young diagrams X\ we put

AOED SENEED SR ) (il LEAC I o)

m>1 si+h+...4sm+lm=|)
1<s;1<<A)—-1

h S51...5m _ ph 51...5m
PA( bl )‘PAL--N( Wl )

for A =[A1,..., A

(19)
where
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Theorem

For any h and any family of smooth or formal functions

F= {fo(x), i(x), B(x),...}

there exists a unique solution F(x;t) of the i-KP hierarchy such that

F(x;0) = fo(x) and 8,'?F(x;t1,t2,...)‘ = f(x).

t=0
This solution has the form

hX
Ry

Flxt) = h(x) + 3 2
A>1
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