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Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �ÊÐÎÌØ�

Ðàáîòà âûïîëíåíà ïîä ðóêîâîäñòâîì Î.Â.Ïî÷èíêè. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ êëàññ ñîõðàíÿþùèõ
îðèåíòàöèþ äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà, çàäàííûõ íà îðèåíòèðóåìîé ïîâåðõíîñòè. Â ðàáîòàõ À.À. Áåçäå-
íåæíûõ è Â.Ç. Ãðèíåñà ïîêàçàíî, ÷òî òàêèå äèôôåîìîðôèçìû èìåþò êîíå÷íîå ÷èñëî ãåòåðîêëèíè÷åñêèõ îðáèò.
Êðîìå òîãî, çàäà÷à êëàññèôèêàöèè ðàññìàòðèâàåìûõ äèôôåîìîðôèçìîâ ñâåäåíà ê ïðîáëåìå ðàçëè÷åíèÿ îðèåí-
òèðóåìûõ ãðàôîâ ñ ïîäñòàíîâêàìè, îïèñûâàþùèìè ãåîìåòðèþ ãåòåðîêëèíè÷åñêîãî ïåðåñå÷åíèÿ. Îäíàêî, òàêèå
ãðàôû â îáùåì ñëó÷àå íå äîïóñêàþò ïîëèíîìèàëüíûõ ðàçëè÷àþùèõ àëãîðèòìîâ. Â íàñòîÿùåé ñòàòüå ïðåäëàãà-
åòñÿ íîâûé ïîäõîä ê êëàññèôèêàöèè äàííûõ êàñêàäîâ. Äëÿ ýòîãî êàæäîìó ðàññìàòðèâàåìîìó äèôôåîìîðôèçìó
ñòàâèòñÿ â ñîîòâåòñòâèå ãðàô, äîïóñêàþùèé ïîñòðîåíèå ýôôåêòèâíîãî àëãîðèòìà ðàçëè÷åíèÿ. Âûäåëåí êëàññ
äîïóñòèìûõ ãðàôîâ, êàæäûé êëàññ èçîìîðôíîñòè êîòîðûõ ðåàëèçîâàí äèôôåîìîðôèçìîì ïîâåðõíîñòè ñ îðè-
åíòèðóåìîé ãåòåðîêëèíèêîé. Ïîëó÷åííûå ðåçóëüòàòû íåïîñðåäñòâåííî ñâÿçàíû ñ ïðîáëåìîé ðåàëèçàöèè ãîìîòî-
ïè÷åñêèõ êëàññîâ ãîìåîìîðôèçìîâ íà çàìêíóòûõ îðèåíòèðóåìûõ ïîâåðõíîñòÿõ. Â ÷àñòíîñòè îíè äàþò ïîäõîä ê
ïîñòðîåíèþ ïðåäñòàâèòåëÿ â êàæäîì ãîìîòîïè÷åñêîì êëàññå ãîìåîìîðôèçìîâ àëãåáðàè÷åñêè êîíå÷íîãî òèïà ïî
êëàññèôèêàöèè Íèëüñåíà, ÷òî ÿâëÿåòñÿ îòêðûòîé ïðîáëåìîé íà ñåãîäíÿøíèé äåíü.

Êëþ÷åâûå ñëîâà: äèôôåîìîðôèçì Ìîðñà-Ñìåéëà,Îðèåíòèðóåìûå ãåòåðîêëèíè÷åñêèå ïåðåñå÷åíèÿ, êîìáèíà-
òîðíûé ãðàô.
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In this paper, we consider a class of orientation-preserving Morse-Smale di�eomorphisms de�ned on an orientable
surface. In the works of A.A. Bezdezhnykh and V.Z. Grines already shown that such di�eomorphisms have a �nite
number of heteroclinic orbits. In addition, the problem of classifying the considered di�eomorphisms is reduced to the
problem of distinguishing orientable graphs with permutations describing the geometry of a heteroclinic intersection.
However, such graphs generally do not admit polynomial discriminating algorithms. This article proposes a new approach
to the classi�cation of these cascades. For this, each considered di�eomorphism is associated with a graph that allows
the construction of an e�ective discrimination algorithm. A class of admissible graphs is distinguished, each class of
isomorphism of which is realized by a di�eomorphism of a surface with an orientable heteroclinic. The results obtained
are directly related to the problem of realizing homotopy classes of homeomorphisms on closed orientable surfaces. In
particular, they give an approach to the construction of a representative in each homotopy class of homeomorphisms of
algebraically �nite type according to the Nielsen classi�cation, which is an open problem today.
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Íàïîìíèì, ÷òî äèôôåîìîðôèçì f : Mn → Mn, çàäàííûé íà ãëàäêîì, çàìêíóòîì, ñâÿçíîì
n-ìíîãîîáðàçèè (n ≥ 1) Mn íàçûâàåòñÿ äèôôåîìîðôèçìîì Ìîðñà-Ñìåéëà, åñëè

1) íåáëóæäàþùåå ìíîæåñòâî Ωf ñîñòîèò èç êîíå÷íîãî ÷èñëà ãèïåðáîëè÷åñêèõ îðáèò;
2) ìíîãîîáðàçèÿ W s

p , W
u
q ïåðåñåêàþòñÿ òðàíñâåðñàëüíî äëÿ ëþáûõ íåáëóæäàþùèõ òî÷åê

p, q.

Îáîçíà÷èì ÷åðåç MS(Mn) ìíîæåñòâî òàêèõ äèôôåîìîðôèçìîâ.
Äëÿ ñîõðàíÿþùèõ îðèåíòàöèþ äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà f , çàäàííûõ íà îðèåíòèðó-

åìîé ïîâåðõíîñòè M2 êîððåêòíî îïðåäåëåíî ïîíÿòèå îðèåíòèðóåìîé ãåòåðîêëèíèêè, êàê ñîâïà-
äåíèå îðèåíòàöèé, çàäàííûõ â ãåòåðîêëèíè÷åñêèõ òî÷êàõ êàñàòåëüíûìè âåêòîðàìè ê ñåäëîâûì
ñåïàðàòðèñàì. Îáîçíà÷èì ÷åðåç G ⊂MS(M2) êëàññ ñîõðàíÿþùèõ îðèåíòàöèþ äèôôåîìîðôèç-
ìîâ ñ îðèåíòèðåìûì ãåòåðîêëèíè÷åñêèì ïåðåñå÷åíèåì (ñì. ðèñóíîê 1 ). Çàìåòèì, ÷òî äèôôåî-
ìîðôèçìû êëàññà G äîïóñêàþò ëþáûå îðèåíòèðóåìûå ïîâåðõíîñòè.

Â ðàáîòàõ [1] è [2] ïîêàçàíî, ÷òî ëþáîé äèôôåîìîðôèçì f ∈ G èìååò êîíå÷íîå ÷èñëî ãåòåðî-
êëèíè÷åñêèõ îðáèò. Ýòîò ôàêò ïîçâîëÿåò îïèñàòü ïîëíûé òîïîëîãè÷åñêèé èíâàðèàíò ðàññìàòðè-
âàåìûõ äèôôåîìîðôèçìîâ â âèäå êîíå÷íîãî ãðàôà Tf , ðåáðà è âåðøèíû êîòîðîãî ñîîòâåòñòâóþò
ãåîìåòðè÷åñêîìó ðàñïîëîæåíèþ íà îáúåìëþùåé ïîâåðõíîñòè ñåäëîâûõ ñåïàðàòðèñ (ñì. ðèñóíîê
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Ðèñ. 1. Äèôôåîìîðôèçì èç êëàññà G

2 ) è àâòîìîðôèçì Pf ãðàôà Tf ñîîòâåòñòâóåò ïåðåñòàíîâêå ýòèõ ñåïàðàòðèñ â ñèëó äèôôåîìîð-
ôèçìà f . Â ðàáîòå ââåäåíî ïîíÿòèå èçîìîðôíîñòè ãðàôîâ (Tf , Pf ), (Tf ′ , Pf ′) äèôôåîìîðôèçìîâ
f, f ′ ∈ G.
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Ðèñ. 2. Ãðàô Tf äëÿ äèôôåîìîðôèçìà f ∈ G, ÷åé ôàçîâûé ïîðòðåò èçîáðàæåí
íà ðèñóíêå 1.

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëåäóþùèõ ôàêòîâ.

Theorem 1. Äèôôåîìîðôèçìû f, f ′ ∈ G òîïîëîãè÷åñêè ñîïðÿæåíû òîãäà è òîëüêî òîãäà,

êîãäà èõ ãðàôû (Tf , Pf ), (Tf ′ , Pf ′) èçîìîðôíû.

Äëÿ ðåøåíèÿ çàäà÷è ðåàëèçàöèè, îñíîâûâàÿñü íà ñâîéñòâàõ ãðàôà (Tf , Pf ), f ∈ G ìû âûäå-
ëèëè êëàññ äîïóñòèìûõ ãðàôîâ, äëÿ êîòîðûõ äîêàçàëè ñëåäóþùèé ðåçóëüòàò.

Theorem 2. Äëÿ ëþáîãî äîïóñòèìîãî ãðàôà (T, P ) ñóùåñòâóåò äèôôåîìîðôèçì f ∈ G òàêîé,

÷òî ãðàôû (T, P ) è (Tf , Pf ) èçîìîðôíû.

Áëàãîäàðíîñòè. Èññëåäîâàíèå ïîääåðæàíî Ìåæäóíàðîäíîé Ëàáîðàòîðèåé äèíàìè÷åñêèõ ñè-
ñòåì è ïðèëîæåíèé, ÍÈÓ ÂØÝ, ãðàíò ïðàâèòåëüñòâà ÐÔ, äîãîâîð 075-15-2019-1931. Ðàáîòà òàê-
æå ïîääåðæàíà ãðàíòîì Ôîíäà ðàçâèòèÿ òåîðåòè÷åñêîé ôèçèêè è ìàòåìàòèêè ¾ÁÀÇÈÑ¿. Ðàçäåë
7 ïîäãîòîâëåí â ðåçóëüòàòå ðàáîòû â ðàìêàõ Ïðîãðàììû ôóíäàìåíòàëüíûõ èññëåäîâàíèé Íàöè-
îíàëüíîãî èññëåäîâàòåëüñêîãî óíèâåðñèòåòà ¾Âûñøàÿ øêîëà ýêîíîìèêè¿ (ÍÈÓ ÂØÝ).
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